New results pertaining to colored static black hole solutions to the EinsteinYang-Mills equations are obtained. The isolated horizons framework is used to define the concept of Hamiltonian Horizon Mass of the black hole. An unexpected relation between the ADM and Horizon masses of the black hole solution with the ADM mass of the corresponding Bartnik-McKinnon soliton is found. These results can be generalized to other non-linear theories and they suggest a general testing bed for the instability of the corresponding hairy black holes.
The laws of BH mechanics [1] and an essentially complete set of uniqueness theorems [2, 3] have led to a rather complete understanding of the properties of stationary solutions in Einstein-Maxwell-Scalar Field theories [3] . However, with the appearance of new, hairy, black holes in other theories with non-linear matter couplings, such as non-abelian gauge theories, several new issues arose. In particular, the physical significance of the discrete families of colored black holes in, say, the Einstein-Yang-Mills (EYM) system still remains somewhat obscure.
One issue that has been considered in that context is the relation that might exist between the existence of regular static, solitonic solutions and 'hairy' black hole solutions. (This issue has been considered for example in [4] from heuristic and dimensional arguments.)
The purpose of this letter is to shed new light on these issues and to establish unexpected relations between the two classes of solutions that coexist in one theory. We will specifically address the case of static spherically symmetric solutions (SSS) to the EYM equations, but it will be apparent that the methodology can be extended straightforwardly to other cases. The basic input that we use to arrive at these new results comes form the recently formulated "Isolated Horizon" (IH) framework [5, 6] . In particular, two main issues are studied. First, by making a crucial use of the Hamiltonian formulation for Isolated black holes we define the Hamiltonian Horizon Mass (HHM) of SSS black holes in EYM theory. We then use this expression to make the main observation of this letter, namely, to show that this quasi-local definition together with some basic properties of Hamiltonian Mechanics lead us to a formula relating HHM and ADM mass with the ADM mass of the Solitons of the theory. Thus, we conclude that the energy spectrum of the colored black holes is discrete and positive for the unstable modes.
These results are quite surprising, because the IH formalism was developed to extend the notion of black holes to situations where radiation is present -and goes out to infinityand one might have not expected to obtain new results already in the static sector of the theory.
In this note we focus our attention to the Einstein-Yang-Mills system defined by the action,
where the abstract indices a, b, . . . denote space-time objects and the indices i, j, . . . are internal indices in the Lie algebra of the gauge group G. The field strength F is given by
, that is, the curvature of the Lie algebra valued one form A i a . We note that this theory has a characteristic scale given by a combination of Newton's constant and the coupling constant of the gauge theory. In the present work that scale has been absorbed in the dimension of the coordinates. The equations of motion that follow from S EYM , together with the Bianchi identity for the YM sector, are:
where
, and D a is the generalized covariant derivative defined by A. The dual field tensor is given by
ǫ ab cd F cd , where ǫ abcd is the volume form associated with the metric. We can define gauge invariant quantities, for any two-sphere S as follows,
where by the two form |F| we mean the following: take ǫ ab , the area two form associated with the 2-sphere S and define
For the results of this letter, the details of the IH analysis in EYM are not necessary. Thus, we only refer to those results of the Hamiltonian formulation that we use for our discussion (details can be found in [7] ). In the Einstein-Yang-Mills case the total Hamiltonian consists of a bulk term and two surface terms, one at infinity and the other at the isolated horizon. As usual, the bulk term is a linear combination of constraints and the surface term at infinity yields the ADM energy. In a rest-frame adapted to the horizon it is then natural to identify the surface term at the horizon ∆ as the Horizon Mass, M ∆ .
We Consider a foliation of the given space-time region M by a 1-parameter family of (partial) Cauchy surfaces M t , each of which extends from the isolated horizon ∆ to spatial infinity i o . Then, the Hamiltonian H t generating evolution along the properly normalized vector field t a that approaches l a , the null generator of the horizon ∆, is given by:
with µ a normalization factor for the vector field l a generating the horizon chosen as in [6] , |A · l| the norm of A i a l a and Q ∆ the charge as defined by (4) evaluated at the horizon ∆. It is natural to identify the surface term at S ∆ as the HHM M ∆ of the isolated horizon. The quantity V arises only in the Hamiltonian framework and will be discussed below. Using some identities that follow from the IH boundary conditions [6] , one can define the surface gravity in terms of the Newman-Penrose component Ψ 2 and µ. If we now fix the value of Φ := |A · ℓ| on ∆ to coincide with the value it takes in the (Abelian) family of static solutions, we can cast M ∆ in a more familiar form:
Thus, we obtain a Smarr formula for the mass of the black hole, where V is a constant over the space-time under consideration, but might depend on the intrinsic -absolutely conservedparameters of the black hole such as Q ∆ , P ∆ and a ∆ . Its functional dependence is not arbitrary but is restricted by the mass variation formula coming from the IH formalism,
This equation is a necessary condition for the existence of a consistent Hamiltonian framework, and is sufficient to determine V . Even when Equation (6) resembles the Smarr formula for static space-times, the meaning of various symbols in the equation is somewhat different. Since an isolated horizon need not be a Killing horizon, in general M ∆ does not equal the ADM mass, nor do κ or Φ refer to a Killing field. Given that the constraints are satisfied in any solution, the bulk term in (5) vanishes as well. Hence, in this case, H t = M ∆ − E ADM , the difference being the 'radiative energy' in the space-time, i.e., in a dynamical process, δH t = δE Rad ∞ . Finally, as emphasized in [6] , the matter contribution to the mass formula (6) is subtle: while it does not include the energy in radiation outside the horizon, it does include the energy in the 'Coulombic part' of the field associated with the black hole hair. (Recall that the future limit of the Bondi energy has this property.) This is all the information that we need from the IH formalism. In what follows we restrict our attention to the family of Static Spherically Symmetric (SSS) solutions, as embedded in the IH phase space.
A standard parameterization for the metric and gauge potential is given by,
with N 2 = (1 − 2m/r) and δ,m,a and w functions of only r. Roughly speaking, there are two classes of solutions. The first one are Abelian solutions embedded in SU(2), with electric charge e and magnetic charge g. These are precisely the Reissner-Nordstrom solutions given by m(r) = M − (e 2 + g 2 )/2r and δ = 0. The second, and more interesting sector, corresponds to non-Abelian solutions to the EYM equation of motion, which are known to exist only for the 'magnetic' sector of the theory. Here we find the regular solitonic solutions [8] and the so called colored black hole solutions [9, 10] . The curvature takes the form,
In this case, the equations are known to have a discrete number of solutions, for each value of the horizon area, labeled by an integer n that represents the number of nodes of the function w(r). The lowest mode, n = 0, represents the Schwarzschild solution. Therefore, the solution can be completely parametrized by two numbers (M ADM , n), the ADM mass and the integer n.
From an historical perspective, these were the first examples of 'hairy black holes' . They are 'hairy' because the electric and magnetic charges defined at infinity are both zero, so the only parameter at infinity is the ADM mass. If the no-hair conjecture were valid for the EYM system, the specification of M ADM would suffice to characterize the solution completely. However, this is not the case, since for a given value of the ADM mass, there exist a countable number of different solutions, labeled by n.
Let us now evaluate the black hole mass for the special case of colored black holes. These solutions are purely magnetic, so Q ∆ = 0. The formula for the mass (6) now takes the form,
(recall that δ(∞) = 0.) The magnetic charge P ∆ , for the colored black holes (8) is given by:
We expect this formula to reduce to the Smarr formula for the n = 0 solution, since in that case δ ≡ 0 and w = ±1, so m ∆ = r ∆ /2. Thus, for n = 0, we expect V ≡ 0. The mass variation formula (7) coming from the isolated horizons framework, when restricted to the purely magnetic sector of the SSS space takes the form,
which is the first law for the HHM. Now, in order to have a consistent Hamiltonian formulation, one should be able to integrate (12) to find a function M ∆ . A detailed analysis shows that we have a consistent Hamiltonian formulation if and only if (11) and (12) are compatible. This in turn implies that a ∆ and P ∆ are not free to vary; their variations are constrained to lie in one dimensional subspaces of the (a ∆ , P ∆ ) plane [11] . We can then view the magnetic charge P ∆ as a function of r ∆ . This fact is, of course, verified in the explicit numerical solutions reported in the literature. Next, we can arrive at the condition that the function V should satisfy. If we write κ(r ∆ ) = β(r ∆ )/(2r ∆ ) it takes the form,
with 'prime' denoting differentiation with respect to r ∆ . Furthermore, by requiring that M ∆ → 0 as r ∆ → 0, -coming from physical considerations-we arrive at the following relation,
where the integration is performed over the space of parameters of the black hole, labeled by the horizon radius r ∆ , and not over space-time. This is the first observation of this letter. Let us note that for the n = 0 solution, where β is known in closed form (β = 1), we arrive at M (n=0) ∆ = r ∆ /2 = κa ∆ /(4π), as expected. Several remarks are in order. First, we must emphasize that the determination of V , and thus of M ∆ relied on considerations involving only variations of quantities associated with the horizon ∆. Second, the HHM defined by (6) , when restricted to SSS configurations, does not agree with the usual definitions of mass that one finds in the literature (see for instance [12] and [13] ). It should be stressed that (14) comes from a consistent Hamiltonian formulation, and is not a definition as occurs in other treatments.
There is a general argument from symplectic geometry that states that, within each connected component of the SSS space embedded in the space of isolated horizons, the value of the Hamiltonian H t remains constant [6] . Let us review this argument since it is essential for our discussion. The Hamilton equations of motion can be written as δH = Ω(δ, X H ), where Ω is the symplectic form, δ is an arbitrary variation and X H is the Hamiltonian vector field. A static solution is one at which the Hamiltonian vector field either vanishes or generates pure gauge evolution. In either case, the symplectic structure evaluated on X H and any arbitrary vector field δ vanishes. Therefore, for this point of the phase space, δH = 0 for any direction δ. In particular δH = 0 for variations relating two static solutions. Now, in the case of Einstein-Maxwell theory, the no-hair theorems ensure that all static solutions are given by the RN family. That is, the space of static solutions is in that case, connected. Furthermore, since there is no energy scale in the theory, the only 'preferred' value for H t is zero [6] .
What is the situation in Einstein-Yang-Mills theory? First, there is the Abelian family of solutions, that represent a connected component, parametrized by M, Q, P . For these solutions, the basic reasoning of [6] applies, with subtle modifications pertaining to the magnetic solutions [7] . Note that this component includes the n = 0 colored black hole. Second, we know that EYM possesses an energy scale given by the YM coupling constant ([g YM ] = 1/ √ ML), so in principle, non-zero values of H are allowed. Each connected component of the space of SSS colored black holes is one-dimensional (parametrized by M), and solutions corresponding to distinct values of n belong to disconnected components. That is, the space SSS has a countable number of connected components. As we shall now show, for n ≥ 1 the value of the Hamiltonian turns out to be different from zero: H n t = 0. Recall that the general argument described above tells us that the (on shell) value of the Hamiltonian is constant for each family labeled by n. This in particular implies that its value is independent of the radius r ∆ of the horizon. Thus one is allowed to take the limit
Now, it is known that the colored black holes converge point-wise to the Bartnik-McKinnon soliton solutions [8] and that the ADM mass satisfies M
BK when r ∆ → 0. Furthermore, the mass of the black hole goes to zero in this limit, so we can conclude that
that is, the total value of the Hamiltonian equals the mass of the nth Bartnik-McKinnon soliton solution! We now collect our results and arrive at the unexpected relation,
Thus, we are in the position of writing an explicit formula for the ADM mass of the n colored black hole as function of r ∆ ,
This formula has been numerically tested for the first colored black holes, finding complete agreement [7] . This is the second observation of this note. It is important to stress that, a priori, one would not expect to get the value of quantities defined at infinity, like the difference of ADM masses in terms of purely local quantities at ∆. We can now try to understand the physical meaning of the relation (18). Two facts are known about these solutions: first, we know that for fixed a ∆ these solutions represent saddle points of the ADM mass function M [14] ; second, we know that for all values of n, these solutions are unstable under small perturbations [15] . Let us now note that for the reported solutions in the literature (see, for instance, [8] ), the BK Mass is a monotonic function of n, starting at M fact that the mass of the soliton, and therefore the total energy of the colored black holes is positive, confirms our expectation, coming from energetic considerations, that in general M ADM ≥ M ∆ . Furthermore, as the difference between the HHM and ADM mass can be seen as the energy that is available for radiation to fall both into the black hole and to infinity, one can understand the nonzero value of the Hamiltonian as an indication that there is a potentiality for instability of the solution. That is, a necessary condition for the solution to be unstable is for the value of Hamiltonian on the solution in question to be positive.
Let us end with two remarks. First, note that the first law for the HHM (7) is consistent with the results given by different formalisms at infinity, where it has been shown that the ADM mass varies as [14, 13] ,
but since we know that δH = δ(M ADM − M ∆ ) = 0, we have complete agreement with (12 
